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Abstract. Detailed formulae for the implementation of
the multi-configuration SCF spinor optimization in a
basis of Kramers pair 2-spinors — i.e. exploiting time-
reversal symmetry — are presented. Full expressions for
the spinor gradient and spinor Hessian elements are given
in abstract form as well as within the usual CASSCF
subspace division. As far as possible, the resulting terms
are grouped to relativistic inactive and active Fock
matrices, which have been introduced previously. Ap-
proximations for the Hessian are introduced so as to
initialize it in an inverse Hessian update algorithm for a
diagonal first approximation within the standard quasi-
Newton-Raphson procedure. The effects of double group
symmetry arising from spin dependence on Fock matri-
ces and therefore gradient and Hessian are discussed and
a group scheme for the implementation is proposed.
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1 Introduction

Relativistic multi-component theories and developed
methods are gaining in importance as regards the
treatment of quantum chemistry problems [1-4]. Despite
promising developments in this field, the application of
four-component methods leads to difficulties when, for
example, more than one “‘relativistic centre” occurs in
the molecule in question. A successful facilitation of the
computational efforts has been achieved through the
reduction of four-component formalisms to two-com-
ponent and scalar relativistic theories and the imple-
mentation of the latter [5—7], which has been confirmed
by highly satisfactory results in a number of electronic
structure calculations, e.g. [8-10]. Furthermore, the
problem of dealing with the two-particle spin-orbit
operator in extensive treatments of molecules has been
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solved, yielding an effective one-electron operator for
spin-orbit coupling without losing computational accu-
racy in several significant test cases [11].

Our development of a spin-dependent CASSCF
method is motivated by the need to generate a molecular
basis of one-particle functions in consideration of spin-
orbit coupling, especially for species with one or more
transition metal atoms or, in general, molecules with
“relativistic atoms”. An SCF approach usually does not
suffice for these systems, as near-degeneracies occur
quite often and therefore static correlation has to be
accounted for.

In the present study, we have derived explicit for-
mulae for the spinor gradient and spinor Hessian matrix
within a spin-dependent relativistic approach, employing
the mean-field method for spin-orbit coupling. It allows
us to operate with spin-free two-electron integrals. With
respect to the implementation, this approach will also
place constraints on the couplings in the full-CI proce-
dure, where the possible double excitations will be lim-
ited in such a way that two-particle spin-flip excitations
will not occur.

The scope of the results presented in this study is not
necessarily limited to these conceptual simplifications
but applies to four-component methods as well. The
formalism may be extended to a full two-particle spin-
orbit operator with some effort, although this has not
been done up to this point. Nevertheless, the ideas
described above have been kept in mind throughout the
development, and the actual implementation will be
based on this framework.

2 Basic theory
2.1 Basis functions and symmetry considerations

Time-reversal symmetry may be readily applied to the
quantum chemistry concepts of many-electron problems
in principle [12, 13], and this has in fact been done in
several relativistic approaches [14-16]. Aucar et al. [17]
introduced time-reversal adapted Kramers basis opera-
tors which are the natural expansion set for any
relativistic operator and therefore replace the spin-
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adapted basis operators of non-relativistic theory. By
these means a symmetry blocking is achieved, leading to
computational savings in relativistic electronic structure
calculations. In the formalism of second quantization,
one-electron operators adopt the form

_T_
X:=1J+J'1 (1)
I
X =1JFJ'1 (2)
X:=1TFJT. (3)

The superscript indices + and — indicate symmetry or
antisymmetry of the operator with respect to time-
reversal, respectively. Introducing a bar on any index is
equivalent to acting with the time-reversal operator on
the spinor in question, i.e.

Koy =,
K(b/ = _¢1

Two-electron operators are found to have the general
appearance [18]:

X = XXE — Sl'L — s167,7 L
— 528,71'K — 515,67 K, (4)

where s; and s, may be one of the above-mentioned
superscript indices. Any desired x operator may now be
generated by placing bars in Eq. (4) on the indices in
question and by taking into account that a spinor and
its time-reversed pendant may never be equivalent,
meaning

51720 and 517:0. (5)

If the plain operator is considered, i.e. no bars are
introduced, the third and fourth term on the right side of
Eq. (4) of course disappear.

The next important finding of Aucar et al. [17] is that
—1in the case of invariance with respect to time-reversal —
hermitian operators are purely expanded in terms of X,
and anti-hermitian operators in terms of X~ operators.
Furthermore, the commutator of two X or two X~
operators gives an X, and the commutator of different
operators gives an X operator. As a consequence,
Baker-Campbell-Hausdorff expansions required in the
MCSCF procedure outlined below lead to purely sym-
metric operators, when an anti-hermitian spinor trans-
formation operator and the hermitian Hamiltonian are
considered.

The basis functions employed in the procedure are
2-spinors fulfilling the condition for Kramers pairs, i.e.
they are related via the time-reversal operation. Another
basic feature of these spinors is the fact that both « and
p spin functions are in general contained in each func-
tion as a linear combination. Making use of double
group symmetry, though, will give symmetry-adapted
basis functions splitting the spin functions into different
irreducible representations in certain cases. Moreover,
the spinors are allowed to rotate independently, which
may also be regarded as a generalization of spin-aver-
aged approaches where this degree of freedom is
missing.

2.2 Relativistic CASSCF method

The general principles of MCSCF theory [19] are fully
retained in the relativistic case [1]. There are some
changes in structural details, though, as for instance in
the appearance of the gradient and the Hessian matrix.
The first thing to be accomplished is the wave function
parametrization. The anti-hermitian operator for the
spinor rotations is found to be

o _ 1 B B
A= Z{AUXU + 5 (41X, + 4;5%5) } (6)
1J

We obtain this operator by regarding a unitary
transformation ¥ =e? which transforms the wave
function and the spinors in an analogous manner. The
operator consists of X~ operators only, so the rotations
are restricted to time-reversal symmetry conserving
operations. In addition, V' relates the creators corre-
sponding to a rotated state to those of the unrotated
state by

vah, V' = al,
T 1 _ ~}L
VaﬁV = ag;,
so the Kramers partners are transformed analogously.

We expand the last two expressions to first order
and then apply time-reversal to a rotated creator

(I%&LI&T = dTM). Comparing the resulting expressions
yields

Ap = Apg

- A;M =

with the help of

Ay =—An (7)
A=A (8)
A5 = —Ay, 9)

where the anti-hermiticity of 4 is used. We then obtain
Eq. (6). The operator part ApX- is contained in the
unbarred part, as these two terms are equivalent when
summed over / and J.

The second-order energy expansion depending on
spinor and configurational parameters S and their
complex conjugates then takes the form

E(4,4%,5,5") ~ (0|H|0) + (0|[4,H]
1$,4110) + 5 (0] [4, [4.41] o)
+—<o 1,18, A1][0) + 5 (0] S, [4. ] 0)

<0|[ (S, A]][0).

By introducing the following notation



(0]]0) = Eo
(0[[4,#]10) = 4'F
(0l[s,Aj0) = s'm
(0][4. [4,#1]]|0) = 4'G4
(0l[8. [s.H]]|0) = s's
(018, [4, ][0} = 4'zs
(014 [$, f]][0) = s'Z!4

the energy expectation value adopts the matrix form

F
B 5,5~ o+ (4 81)( ), )

doff )0 o

Minimization of the energy expectation value is car-
ried out by means of variations with respect to both
spinor and configurational parameters:

OE_, O,
oS 04

The first step is the FCI optimization in a configura-
tional space of active spinors. The wave function
obtained will be invariant with respect to variation of
the S parameters, so M will be zero. This leads to the
matrix equation

(5)+(Z £)(5)= ) ™

F contains Fock operator matrix elements corre-
sponding to the first derivatives of the energy with respect
to spinor rotation, G is the matrix of second derivatives
with respect to spinor rotations, H is the basis of the CI
eigenvectors and is diagonal, and Z is the matrix of the
mixed second derivatives between the spinor rotation
parameters 4 and the CI expansion parameters S. In this
study we follow the quasi-Newton method introduced by
Eade and Robb [20] where matrix Eq. (12) represents the
starting point for an inverse Hessian update procedure
with a diagonal Hessian matrix initialization. In the fol-
lowing, we present all explicit formulae required for this
approach and outline their derivation within the rela-
tivistic formalism introduced above.

1
2

—~

3 Spinor transformation

Rotations of the one-particle basis functions from given
subspaces represent the core of the MCSCF procedure.
Unitary transformations are carried out in the configu-
ration and spinor spaces simultaneously [21], but in this
study we want to focus on the rotations in the spinor
space only.

3.1 Fock matrices and double group symmetry

The original form of the gradient introduced by Hinze [22]
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gij = Fji — F;
in terms of Fock matrix elements is now modified to [1]:
gy = Fi — F;

due to complexity of the basis functions in general and
the integrals in the Fock matrices. In analogy to the
spin-free formalism, inactive and active Fock matrices
may be set up, where the appropriate subspace indices
are employed. Indices A,B,C ... represent inactive; R,S
represent secondary; T,U,V ... active; and the indices
LLJLK ... represent general spinors.

Fyy=2hpo + ) _{4(PO|BB) — 2(PB|BQ) — 2(PB|BO)}

(13)
i = - { pivlirorm) - (ruiro)

+ D2 [(POITD) — (PUITO)]

+ D2 [(POITU) — (PUITO)

<D [(POITT) - (PUITO)] | (14)

Making use of double group symmetry in the for-
malism has crucial effects not only in the CI part of the
CASSCEF, where spin-dependent matrix elements may be
brought to real form by constructing symmetry-adapted
basis functions and exploiting time-reversal symmetry
[23], but also on the Fock matrices in the spinor opti-
mization, where a number of simplifications take effect.
D3, and subgroups will be taken into account in this
analysis as the implementation will be limited to these
cases for technical reasons. In the following, we work
out the effects of the double group calculus on the
inactive and active Fock matrices in detail.

When there is no symmetry (C;) the Fock matrix has to
be calculated fully. In the second quaternionic matrix
group in question, C}, all terms are retained if the active
spinors 7 and U belong to the same fermion irrep. If they
do not, the active Fock matrix F,ﬁ‘QC vanishes. The same
holds for Fffé and FI’%, as time-reversal does not bring the

spinors to a different fermion irrep in this double group.

As concerns complex matrix groups, C; and C; be-
have identically. The time-reversal operation now relates
spinors falling into different fermion irreps. The matrix
elements F5, and Fp5 now vanish, irrespective of the
symmetry of the active spinors 7 and U. Fpp has to be
calculated in general, but it loses its integrals with an
odd number of bars when I'") = ') and its integrals
with an even number of bars when I'(") = (),

The third complex matrix group, C;,, has four fer-
mion irreps and therefore the situation is somewhat
more complicated. Again, the matrix elements /5, and

Fyg vanish. F}% has to be calculated, but in FfoC the odd-

barred integrals vanish when T'7) = T(W)_1f (1) £ (V)
three cases have to be distinguished. We denote the eight
irreducible representations of Cj;, according to [24] and
derive all possibilities for direct products of the occur-
ring spinor symmetries as
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el =TIy
Gel =T
Heol =TIy
el =TI7.

s denotes the sign in the irrep, 7, j the number index. If
the difference between the spinor symmetries of 7 and U
is due to the s/ s label, all integrals in the active Fock
matrix vanish. The same holds for the second case,
where s/ s and i/j make the difference. But if the
symmetries merely differ by the i/; label, only the even-
barred integrals vanish, comprising the third case. As
was stated for the other complex matrix groups, these
structural facts are due to the relation of different
symmetry spinors by the time-reversal operation.

When real matrix groups Dj3,, D3, and Cj, which are
non-abelian are considered, one has to construct a sym-
metry-adapted basis for the true two-dimensional fermion
irreps. Then the mixed Fock matrix elements /5, and F,;
are zero as before, and in addition, integrals may be
brought to real form if a Kramers basis is employed.

3.2 Spinor gradient

The general expressions which have to be evaluated
appear as

OE

T 54
AL b

g = (0[[X, H][0) =

as well as the terms with one bar on either I or J. The
required commutators read

(X, K] = 6 Xy — Xy,

)21}7XE+L_ = _5ILXE+J + 511()?{]
:/\}1}7)2 ,;rz =—onX ]% + 0 J[(X[%
X]}")A(I?L = _5JL/\>;7 - 51L/\A’;j
XI}’X%L = _5’LXJJIr< - 5JLX17< + 511<)?i + 0 J[(/\A,iz
:%XEZO
XT;V)A([?L = 5JKX7; + 511<X7+L
)%;’X%L =0
_XT;’X&: = 5JKXL+I - 5JLX1?1 =+ 511(/\}13 —opX o
[)A([},)EKLMN} = 511<X{;;[N - 5ILXKJMN
+ O XELIN Oy xKLMJ
[/\}1}7?32%,\4]\,} —opxt oy T Sxt ILMN
oG o

— 3Tt
Xy X KLMN |
- st _
1 KLMN
X oett
0 kTN
. T
1> KIMN
- - _
2N KLMN
. ot _
X KLMN |
—
X1J7xKLMN
. o .
|1 KLMN
L o _
_XJ KLMN |
o - :
_XIJ’ KLMN |
o T
XU’XELMN
o— ot
|:‘X1J’XKZMN}

[XI 7 xKLMN}

v— Tt
{XIJ’ KLMN}

— o+
{XIJ’ xKLMN:|

st
{XU, xKLMN}

v | =0 Ok

TKMN TLMN
= o )EKL+_MJ + O x[tzr_NJ
= 5JKX1L;\L7N - 51L£EMN
— o )EIJSMJ + O XENJ
- 5JKx1LLN 5IL£IJ£J+MN
— o )e;:LJrIM + O )E;;uv
= 5‘IL)2K7+MN 5IL)E;;;MN
— O xIZFMT — o £EL+M.7
= —0nX iy — On¥ iy

ot ot
+ O Xy + Sk Xy

— o x;erl — o x[terJ
= —omEy xKLMI — iy xKLMJ
= _éleJKMN 5‘]LxIKMN

+ 51KxJLMN + 5‘]Kx1LMN

5[LxJKMN - 5JL)E;;/—\_/IN

+ 51KxJLMN + 5JKXILMN

— Ok xKLJM — oz KL[M

+ Oy xELJN + oty xKLIN
=0

s s+ ot
= —OXgrm — OuNXgry

o+ o+
+ O Xy + OamXgy

- 5JLXKIMN - 5[LxKJMN
= —Om¥y xKZJ — oy XKL[M

+ Oty xKLJN + oty xKLIN
= _5JL£ELMN - 51L£ZjMN
= 5‘]Kx7LMN + 5]KXJLMN

+ Oum xKL+1N + O xIJgZ/N



O— ot | 4
[XIJ’ KLMN} Sy xKLIN + onei 7y
O ot | s et P
[XI 78 KLMN} = Ok Xy — O Xk

st ot
+ OX pay — O Xk

+ 5JMXKUN + 51MXZZ,N
1 X%ZFMN = om )Eli(erI N )E%ZMI
+ 51M)E%:NJ — o ﬁ%;/vu
Xi;’ ﬁ%erN =0
_XI;’ AIJQZMN_ - 5‘]MxKLNI O XK%M[
+ Oty xKLNJ o ﬁngJ
+ 5JKxLIMN 5JL£ZFMN
+ onx XLJMN - 51L£;;—MN

o ot
[le KLMN} = dvXging — O

+ OmXisng — Xkt

T 5JKx1LMN T 51Kij+MN
[XTJ’X;;MN} = ok gy + 5IKxJLMN
{A}T;’)EZZ_MN} = Oy — Oy

+ 5’K)ACZJJ;_4N - 5’L£ZJ+MN

Retaining the general indices in the gradient, we de-
rive the following expressions for the three different
gradient elements:

g = (0|[X;, H]0)
= (O [y, '] + [, 5] }]0)

- <0 S { bk — kil + Xl + Xk}

K
35 L2UKILM )iy — 2RI LM )i
KLM
A++ ot
+2(IKILM)EE:  + (RLUM)EE
A++ o
~ (KLIMI)%: + 2(UKILM)E
. ot
+ (KLUM)E  — (KIMD)&
ot St
+ (IK|ILM)5E — + (RLIM)ES -
+ (RLIM)EE + (JK|LM)x1m_4}‘ 0> (15)

o= 0l

|
01{ [+ [ 727 o)

{hJKX+ + hIKX + X + hm)?g,}

S

l\)l'-‘NI*-‘NI

/\
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T .
ZKZM;{ UKILM)ES -+ 2(IKILM)EE:

o+
+ (KLUM )iz + (KLIM)EE S
+ 2(JKILM ) gqppy + 20K|ILM )55,

+ (KLUM)i = 4 (KLIIM)3 -

KIIM X KTIM
ot ot
+ (KLIUM)%L  + (RLIM)%S
A++ P
+ (JRILM)% -t + (IK|LM) KJLM}'0> (16)
1 L
o7 =3{0|[%7#]Jo)
1 o— fyl- 2—el
=5 (O[{ %7 + 55,27 }o)
1
_§<O Z hKJX ——]’lK]X +h1KXJK+hJKXIK}
K
§ Z 2(KJ|LM)x A;;LM 2(KI|LM)% AszM
KM
+ 2(IK|LM )% 5 + 2(JKILM )31
57 ot o+
(K |MJ) YRLmT (KL|M[ ) YRLMT
ot ot
— (KL|MJ)% Y KIMT — (KL|MI)% KIMJ
7 ot ot
+ (IK|LM)% Xxear T (JK|LM)3 IKLM

+ (KIIM)s '+ (TK|IM)sE }’o> (17)

We now introduce the CASSCF subspace indices in
question, taking only non-redundant spinor rotations
into account. In order to evaluate the elements, the den-
sity matrices in terms of these subspaces are also needed.
One- and two-particle density matrix elements then read
as follows:

D:er = 2048

Dip =D,z =0,

D%’T = DJT’7 =0.

me}B =4

Pl =2

Pissa = Pigg = Plgpy = =2
PIBJ;IB _PABAB =2
Py = Pl = 2D
P;?JLAA _P,LJ;U = 2DJTrU
P;JAA = P:;TU = 2D;U
PEFUA P;AZU =-D ;U
P;AJrUA - PI;AU - D?/T
P];JLFJA PA+ T+UA D;ﬁ
P]J"ZIJFUA PIT—ZU =Dpy
P;;IJ;U I;ZU = 7D¥U
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P++ ++ — DJ_r

ATTA — ATaU

++  _ ptt Pyt
Priaw = PTAAU P ATUA — Dry

++ _ ptt _ ptt .yt
PTAAU Pirua = PATUA = —Dyr

All matrix elements containing at least one secondary
index of course vanish. With the help of these relations,
the gradient takes the final form:

gar = Fgy + Fys (18)
1

ix :Q{F;§+F;§} (19)
1

0.7 =5 { P+ Fas} (20)

1
_ -+ In + In
YR _QZ{DTUFRU +DTUFRU}

+= Z{ (RU|VW)P;

+2RUW)PL

77 ++
y + (OVIRW)PL:

++
+ (UVIRW)PE

77 o+ .
+ (UVIRW)P +(RU\VW)PTUVW} (21)

urw

g7 = 3 3Pl + Dr Pl )
41 Z {2RUpWIPLE - OVIRWPL,

+ 2(RU|VW) Py + (UVIRW)PHE
+ (UVIRW)PLE  + (RU|VW)P;;VW} (22)

1
_ + In + In
gTI—?—ZzU:{D L —i—DTUFRU}

+3 Z { 2(URIVW)PLE -+ 2RUVW) Pyl
- (UV|WR)P§;’WT — (UTIR)P

BV P+ BT W\ Pt

+ RUIVPL: — + (RU[VW)PEE W} (23)
n C 1 n

gar = Fiy + Fy +§Z{_D%F6A
22{

++
— (UvwAPL  —

+ In
DTUFAU}

2(UAW )Py + 204U VW )P

7 ++
U7\

+ 2(AU WPy — (UV|WA)P5;W} (24)
1 In Ac + In + rn
gZT:E[F + 2Z{DTUFAU+DTUFAU}

++
+3 Z { (AUIW)PEE 4

+ 24T VW) Py,

77 ++
(Uv)4 W)PUVTW

iy + (U AP

+ @VATPL, + @OVTRs ] (29)

1
vir =5 [+ F (it + il )

22{ 2UA|VW)PE  + 2(AU VW) Py
— (@V|mA)PE — (UT|WA)PS:

= ++ 11717 ++
+ [@AUTPL — + (4 U|VW)PTU7WH (26)
In the implementation no approximations should be
applied to the gradient. As a consequence, the full
two-particle density matrix in the active space has to be
calculated in order to determine the first derivatives in
addition to those expressions which may be grouped to
Fock matrix elements.

3.3 Spinor Hessian

In this section detailed expressions for the spinor
Hessian will be given and the method of their
determination outlined.

As stated in Sect. 2.2 the spinor Hessian will be
written as

Gpyiy = 0Ap oAy

= 50| i, [ A1) + [R5, [y, 21]][0)

. . A 1 - . A
= (0|8 L] 5 185 551.1)0). 27
As there is no essential difference between an un-
primed and a primed index, the second line of the above
expression comprises a symmetrized form of the general
Hessian elements. The next step simplifies the future
manipulations because the commutator of two X op-
erators is easily evaluated. The complete spinor Hessian
may now be obtained via the following nine matrix
elements, differing by the number of barred spinors, on
the one hand, and by non-redundant permutations of
the bars if there is an equal number of bars in two
considered terms, on the other:

Gryw = <0 [y [ 7)) % [ X 1] 0> (28)
Gpyay = <0 _XITJU _Xj}f‘}“ —% ::XI/J/,Xi ,1:1_ 0> (29)
Gy = <0 :/\}ITJU X,},F] —% ::)A(,TJI,/\A’,}: ,ﬁ: O> (30)
Gipy = <0 _X}_T.]/’ :)A(IE,I:[ —% X[,J,,X,}: ,H: 0> (31)
Gryiy = (0| [ 1]] 3 [ 45] 1] o) 32
Gryay = (0|[X,., [, 2] ]]0) (33)
Gy = <0 :X}va :/\}17:1:[:: —% X[,J,,Xf: ,FI: 0> (34)
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general evaluation of these expressions
introducing the CASSCF subspaces i
lengthy. It still has been done, of course, and an
exemplifying pick 1is presented to describe
structure of these terms in more detail.
(32) then reads:

- hj/,)?ﬁ, — hpy X — hyXoh — hiXh
+3 Z (o (s Xy + e X

“rh]/KXJK + hI’EX —)

+ 0y (hKIXKJ’ + K+ hy X + hJ?XI%)

J'K
+ o1 (hKJXKJr + th ik

*‘5WJ(hﬂKXZE4‘hpE

22{ 2(J'J|KL)5, — 21T |KL) 5,

2KIL)RE = 2AKIL)E L
= 2(J'IKL)% gy, — 2 T|KL)% 0,
= 2KIV'L)R = 2(KITL)%
+2(IK'L)% L+ 2(IK[I'L)% ) =
+2(UJKV'L)E S +2(UKIT'L)E S
— (KL N)xe), — (KL
— (KL D3z, — (KL,
+2KT LIRS -+ 2KT L))z
+ 2(KJLDE 5+ 2(KT|LDE 5
— (KL|J'J)% A;Z]I’ (KL|\I'))x
— (KLY D3, — (KL%,

+2(IK D),y + 2T,
+ 2K WT)% 5, + 2(7K|1’L))2};(L,}

*3 Z { 51’1[ (KJ|LM)X5 0y + 2(JK|LM)3E

KLM

+ (KLIMI)x,  + (KL|MJ )z

+ (JK|LM)3%5: _ + (JK|[IM)z%

J’KLM

+ 2(J'K|LM)% 3,0 + (KLIJ' M)3%
+2(J'K|ILM)ZE 4+ (KL M)zt

JKLM

+ (KLM)%L — + (J'K|LM)

Equation

X+ X )

o X+ ) |
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1 . .
500 [2(KI|LM)xULM +2TKILM)E,

+ (RLIMD)5=  + (KLIMIDz,

KLM[/ KLMI'

+ (IK|LM)s%* 4 (TIK|LM )z

T'KLM [’KLM

+ 2(I'K|LM)gj,, + (KLITM)%S,

+2(IK|ILM)E A (KLIM)%

+ RLI'M)E — + (1’K|LM))€;%LA_J

| . .
+ 50 [2(K1|LM)x,t,TLM +20KILM)EET,

S+ s+
+ (KLMD)% YR + (KLIMD)% YkImr

o+ s+
+ (IK|LM)%5E — + (IK[IM)%5E

+ 2(J' KILM )%y + (RLU'M)3%,

A++ I et
+2UKILM)E 4+ (KL M)

ot 1 ot
+ (KL M)xmm—/l +( K|LM)me}

I
+500 2K LM% 0y + 20KILM)

T'KLM

+ (RLIMIEY 4+ (KLIMJ)&E

YRmr YkImr
ORI+ KT
+ 2(I'K|LM) %0 + (KL|T'M)% A;LM
+2('RILM)EE |+ (KLI'M)E
(KL|1’M))ei+ —
(I/K|LM)XJELM:| } (37)

Introducing the appropriate CASSCF subspaces into
all required matrix elements then results in the final ex-
pressions for the complete spinor Hessian. This is done
in a straightforward fashion, and we work out the exact
formulae for the different cases and propose some
helpful approximations for use in the actual im-
plementation.

Rotations of type inactive-virtual:

Three groups of matrix elements are to be distinguished
in this case. The first group builds up the Fock matrix as
defined above without any surplus terms. Its resulting
form and identical elements are summarized below:

Grasr = Fiy — Fap + Fif — Fig
= G 4RrR4
= Graax
= Glrria
= Grari
= Glrar (38)
In contrast to the non-relativistic formalism, no ad-
ditional two-electron integrals appear in these matrix
elements. This is due to the replacement of £ operators

with X and x operators, resulting in a separation of the
spin couplings into two components.
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The second group results in simple two-electron in-
tegrals containing the parameter indices. Hessian ele-
ments with an odd number of bars may occur in this
group, although most of them vanish. In addition, ele-
ments with an even number of bars appear as well, but
either their indices are permuted or the bars are in the
“anti-symmetric”’ 1-3 or 2—4 position:

Grara = 2(RA|RA)
Griar = 2(AF|AR) = Glrpa
Grira = 2(RZ‘AR)
Guipar = 2(M|M)

GARZR = 2(RZ‘RZ) = GARTQA = Gxyr4
G g = 2(RAIRA) = G s = G g

The remaining Hessian elements of this category vanish
and will therefore not be displayed here.

Rotations of type active-virtual:

For these types of indices the situation is similar to the
first case above. Again, there are three groups of
elements, the first one giving rise to Fock-type terms:

1 1
Grrr = — EDEF}@ 7 Z{D%F{]”T + D, Fh

+ In + In
+DTUFTU + DTUFTU}

+Z[ (RR|UV)Pjt, — (RUIVR)Piy

_ 1
+ (RUIRV)PL  — = (UV|RR)PL!

2
_ 1
+ ot
~ (ROWR)P;E, —5 (UTIRRIP,
vl ++
+ (RU|RV)PUU7}

42 Z [ UT|VW)Pfy + (UTIVW)PE:

+ % (UVIWT)PL + % (Uviwr)P =
+ % (TUWY WP o+ % (uryvw)rP:=,
(U1 By + 5 TV TP
%(UV|TW)P*+ L (rowpE
;(UV|TW)P_++_ ;(TU|VW)P;U+VW}
= Grger (39)

The additional terms appearing in the sums may not
be grouped to Fock matrix elements. We abbreviate
them in the followmg by calling the first sum Gz"m and
the second sum G, as two active indices appear in the

integrals of the first sum and four active indices in those
of the second sum, respectively.

As in the case of inactive-virtual rotations four
elements with two barred indices each give identical re-
sults, their Fock-type expressions even resembling those
without barred indices:

1 1
Grrrs = =3 DirFith + 3 A Di Pl + Div i

+ In + In
+D UFTU+D UFTU}

+Z[ (RRIUV )Py, — (URIRV)PY

[a—

7 ++ 77 ++
+ (RUPR)P 5, — 5 (TVIRR)PL L

— (RU|VR)P*

1 874 ++
iz~ 5 (UVIRR)P,

UvVIT
+ (RUIRV)P{ ]

1 o -+
+5 UZ (TIPS + (TUW )P

TUW
14
1 1
4+ S
+ 3 (UV| WT)PUVWT + 3 (uv| WT)PUVWT
1 1
++ ++
5(TU|VW)PTUVW E(TUWW)PTUVW
1
+(TU |VW) VW —i—E(UV\TW)P;;[W
1 ++ 77 ++
5 (UV|TW)PU7TW + (TU|VW)PTEVW
1 — 1
++ ++
+ 3 (UV|TW)PUVT_ 3 (TU|VW)PTUVW
= Grper = O7rrz
= Grprr (40)

The second group now does not reduce to plain two-
electron integrals like the second group above, but rather
gives rise to expressions containing two-particle densities
and integrals over two active and two virtual spinors
with a sum over two active indices:

+ (RUIR V)PZTJTV}

Gerer = Y_{ (URIVR)P 7 + 2(URIVR) P,
uv

urvr
Grrrr = Z{<RU|RV P;"—JT
ur

+ (RUIRV )Pt

+ (TRIVR)PE s, }

+2(RUIRV)PE

= Grrzr = Orrrr = O7rer
_ + o
Gz = EUV {(URIR)PS - + 2(TRIVR) P,



+ (UR|VR) P~
= Grrrz = Grrar = Graer
The last two equations may be deduced from the first

two by barring all active parameter indices T in the re-
sulting terms.

G iy :Z{(RU|RV)P%JTV + (RUIRY) [P(j;TV - P;JTV]
v

+ (RUIRV)P - }

UrTv
= Grgrr
Grrr = Y { (URIRIP, — (ROWR) [Pl + Pt ]
uv

+ ([RUR V)PT+U+7T}
= Gprogr

The Hessian elements Gp;7p,
give similar expressions.

The remaining group consists of the terms identical to
zero, but in this case only terms with the index pattern
Gy and an arbitrary number of barred spinors are in-
volved, in contrast to the third group in the above case.

Grrzr> Grrrrs and Grper

Rotations of type inactive-active:

The three groups of matrix elements arising from these
types of rotations are similar considering their structure,
but as no virtual indices appear now, their explicit forms
are slightly more extensive. The Fock-type group now
contains active Fock matrices in addition, in contrast to
the second case of rotations above:

1
Garma = Fiy — Fii + Fif — Fff — ED;FTEZ"I
1
+2 Z{D%F{]"T + D3 I

+ In + In
+DTUFTU + DTUFTU}

+ Z {D*
+DUT[ (AT|UA) +
+ D7 [(T4]4U) —
+ Dy [~(AT|UA) + 2(4T|T4) — (TT|44)] }

—(AA|TU) — (AU|AT) + 2(AU|TA)]

(TA|AT) —
(TU|44) —

(UT|44)]
2(UA|AT)]

+ Z{ (AA|UV)P}y — (AUVA) Py

+ (AULAV)PES
1 _
~ 5 @VIAAPL — (ATVAPS,
1 o
— 3 (UT AP+ (AU|AV)P5;TV}

Z { (UT|VW) Py + 2TTIIW)PE
urw

-lk |
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77 ++ 7 ++
+ (UV W1 )PUVWT + (UV|WT)P

UvVwr
—(TUWW)PL o+ (UT[VW)PL
+2(TU VW) P,

urvw
o + (OV|TW)PE
+ 2(TU|VW)P++

UVIw

++
(UV|TW)PUVTW

7 ++ ++
+ (UV|TW)P5VTW(TU|VW)PTWW}

(41)

In the first element the aforementioned 2a and 4a
terms appear once again. In addition, there is a group of
terms which is not Fock-type, because the sum is merely
over one active index, so that the terms may not be
manipulated to give active Fock matrices.

Barring indices 1 and 4 reproduces the Fock part of
the above element, but the 2a and 4a parts as well as the
single active sum look different:

= GTAAT

1
Ac In
_FTT _ED;TFAA

|
+3 Z {D;_UF{;’T + DI, Fl

+ gl +
+DTUFTZ/ +DTUFT’;J}

In In Ac
Goarra = Fuia — Frr + Fig

+3 {D;U [(TA|AU) — (44|TU) + 2(4U|TA)]
U

(TU|44)]
(UT}44)]

+ DL [2(TA|AU) + (4U|AT) —
+ DI [2(TA|UA) + (AU|T4) +
+ D [2(AT|UA) + (AT|UA) — (UTlAA)]}

+ Z { (AA|UV )Pty — (UAIAV)PE

— 1
+ (AUAVPL, — 5 UVIAAP

_ 1 _
++ ++
+ (VAPAP)S 7 — 5 (UT AP

— (AUV APy b
42{ (UT\VW)Piy + 2(TU WP

+(@vT)PL + (UVIWT)P

uvwr

T 7\ P+ TV ++
+ (TUVW)PL! o+ (TUIVW)PL
+ 2(TU W) Py + (UV|TW)PES
TUIVvw)\ P+ VITW\ P+t
+2(TU] )PTUVW vl )PUVTW

TTVITI7) pt+ T V7 prt
+ (TV|TW)PE -+ (TU|VW)pmVW}

(42)

= Gruur = Garr = Grara
The second group consists of mixed expressions. In
addition to the results from case 2, terms containing one-

particle densities and plain two-electron integrals appear
in the elements:
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Gerir = 2TAIT0) + 2 { = (1014
U

s
+DUT(AU|TA)}
+ Z{(UAWA)PL*,;VT + 2(TAVA)PES
uv
TFAIT A4\ P+
+(TA|74) PUTVT}

Grars :2(AT|AT)+2Z{D;U(UZ|AT) —D;U(AU\AT)}
U

+ ; { (AUAV) Py + 2(AT|AV)P

T AT\ P+
+(AT)4 V)PTUTV}

Girza = Y { = Dir(TA|UA) + D3 (AU|T4)
U

+ D} (AT|TA) + DgT(ZU|TZ)}

3 {lps

(TU|TV) - D}, (TU|TV)}

+ (AU|AV)PE

++
L — (AU|VA)P

TUVT
— (AT|VA)P Sy + (AU|A7)P5;VT}

ATAT
Grra = _2(TZ|AT)
+Z{ (AT|AU) + D, (T4]4U)
+ DI (TA|AT) ~ D;T(AU|AT)}
o+
+> {uvaneg,
uv
77 -+ o
+ (AT|AY) [P —i—PTUTV}
+ (AU|A7)P;T+T7} = Grr
Gipry = 2(TA|TA)

+2) DL (TA|4U) + D}, (AUITZ)}
U

ARRA ARRA ARRA ARRT  ARRT

ARRA ARRA ARRA ARRT  ARRT

ARRA ARRA ARRA ARRT ARRT

TRRA TRRA TRRA TRRT TRRT

TRRA TRRA TRRA TRRT TRRT

G=| TRRA TRRA TRRA TRRT TRRT
- ATRA ATRA ATRA ATRT  ATRT
ATRA ATRA ATRA ATRT  AIRT

ATRA ATRA ATRA ATRT ATRT

AR*RA AR*RA AR*RA AR*RT AR*RT

-+ 77 -+
+ Z{ (AUIAV)PL - + 2(ATIAV)PE

+ (AUIAV)Piyr }

= Garar = Orura = Oraar
Similar expressions result when the bars are shifted to

the positions G, 7 and G,;,7, respectively.

The remaining group of elements vanishes in analogy
to case 2. Again, only elements with the index pattern
1IJJ are involved.

Note that elements of the type Gy, G 74, and G 7,
are simply obtained by applying Schwartz’s theorem to
the ones that have been calculated explicitly above.

3.3.1 Diagonal approximation

The crucial criterion for the introduction of any
approximation to the Hessian is the sheer number of
matrix elements that have to be calculated for larger
species, and the problems arising from the necessity of
inverting the Hessian matrix. Eade and Robb [20] give
some reasons for choosing an initial Hessian that is
restricted to its diagonal. In this case the inversion is
trivial. Approximating the Hessian in this manner will,
of course, slow down convergence, but the elements are
obtained quite easily on the other hand.

Arranging the gradient vector in a fashion where
rotation types are blocked and within these blocks the
different positions of bars are accounted for, we obtain a
general form:

KS)
I

Given the gradient in this form, the spinor Hessian is
displayed as:

ARRT ARTA ARTA ARTA
ARRT ARTA ARTA ARTA
ARRT ARTA ARTA ARTA
TRRT TRTA TRTA TRTA
TRRT TRTA TRTA TRTA
TRRT TRTA TRTA TRTA
ATRT  ATTA ATTA ATTA
ATRT ATTA ATTA ATTA
ATRT ATTA ATTA ATTA
AR*RT AR*TA AR*TA AR*TA AR*RA* ...




We denote a derivative 04,4z simply as AR in this
matrix. An asterisk symbolizes a complex conjugate
parameter in the derivative. These complex conjugate
elements are related to the real terms by the parameter
relations (7, 8, 9). So merely the upper left quarter block
of the Hessian matrix has to be calculated, as the re-
maining three blocks can be related to the latter via these
expressions.

Now the diagonal approximation is obvious. The off-
diagonal blocks, ARRT for instance, will not be taken
into account. The off-diagonal elements within the di-
agonal blocks are given in explicit form above. The ap-
proximation of these and the terms in the true diagonal
is discussed in the next subsection.

An element AR in the gradient is actually a vector
with #4 x #R rows. As a consequence, the corre-
sponding Hessian element ARRA is a matrix with
#A X #R rows and #4 x #R columns. All off-diagonal
elements within one of these blocks are neglected as well.

3.3.2 Further approximation

The diagonal of the Hessian matrix contains elements
with either no bars at all or two bars with the pattern
IJKL or IJKL, respectively. The exact Hessian elements
contain in general a summation over products of two-
electron integrals and two-electron density matrices.
From the explicit formulae for the Hessian elements it is
noted that the involved two-electron integrals span a
wider class than those required for the construction of
the gradient. For example, the active-virtual Hessian
elements require integrals with two virtual spinor
indices, whereas the gradient only requires integrals
with a single virtual spinor index. It is therefore
advantageous if the true two-electron terms in the
Hessian elements can be simplified. In line with the
approximate Newton method of Eade and Robb [20],
one can accomplish this simplification by introducing an
approximate decoupling of the two-electron density
matrices. This decoupling is exact for spinors that are
unoccupied or doubly occupied, and is a very good
approximation for spinors having occupations close to
these limits. By introducing this approximate decoupling
and disregarding the terms that do not reduce to Fock-
like elements, one obtains a rather simple approximation
to the Hessian.

All approximations are introduced successively and
may therefore be lifted one by one in order to check for
convergence properties of the procedure, if so desired.

4 Summary

Complete expressions of Fock matrices, gradient, and
Hessian matrix for the implementation of a spin-
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dependent relativistic CASSCF program on consider-
ation of time-reversal and double group symmetries are
presented. We derive exact gradient and Hessian ele-
ments for the spinor transformation part and express
these in terms of Fock matrix elements. Approximations
for the Hessian are introduced where surplus terms
appear, and the complete Hessian is set up in diagonal
form for convenient application in a quasi-Newton-
Raphson procedure.
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